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SYMPLECTIC FOLIATIONS 



D. KOTSCHICK AND S. MORITA 

Abstract. In the early 1970's, Gel'fand, Kalinin and Fuks 7\ 
found an exotic characteristic class of degree 7 in the GePfand- 
Fuks cohomology of the Lie algebra of formal Hamiltonian vector 
fields on the plane. We prove that this cohomology class can be 
decomposed as a product rj A w of a certain leaf cohomology class 
r\ of degree 5 and the transverse symplectic class ui. This is similar 
to the well known factorization of the Godbillon-Vey class for codi- 
mension n foliations [5], [T3]. We also interpret the characteristic 
classes of transversely symplectic foliations introduced by Kontse- 
vich [12] in terms of the known classes and prove non-triviality for 
some of them. 



1. Introduction 

Let a n denote the Lie algebra consisting of all the formal vector 
fields on M. n and let f}am 2n C a 2n denote the subalgebra of Hamiltonian 
formal vector fields on M 2n with respect to the standard symplectic 
form u. Hereafter we denote by H^ 1 this standard symplectic vector 
space, which is the fundamental representation of the symplectic group 
Sp(2ra,M). 

The Lie algebra f)am 2n contains the Lie subalgebra sp(2n, E) con- 
sisting of linear Hamiltonian vector fields. In [7] Gel'fand, Kalinin and 
Fuks studied the Gel'fand- Fuks cohomology of f)am 2n and showed that 

#* F (f)am 2n ,sp(2n,M))<o = R[iv, Pl ,--- , Pn )/I . 

Throughout this paper, all the cohomology groups of Lie algebras are 
with trivial coefficients in R, and we omit the coefficients from the 
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notation. In the formula above u G if^. F (P)am 2 , sp(2n, IR))_2 n denotes 
the symplectic class of weight —2 (for the definition of weights, see the 
next section) and pi G /f^p(fjom 2n , sp(2n, R)) (z = 1, • • • , n) denote 
the Pontrjagin classes. Further / is the ideal generated by the classes 

uj k p kl ■■■p k n n (k + k 1 + 2k 2 h nk n > n) 

that vanish. (In the context of a n this corresponds to the Bott van- 
ishing theorem.) Thus, in the non-positive weight part, the result is 
similar to the case of a n . However, in the positive weight part, Gel'fand, 
Kalinin and Fuks found an exotic class GKL G if^ F (f)am 2 , sp(2, R))g 
of degree 7 and weight 8, which is now called the Gel'fand-Kalinin- 
Fuks class. They raised the problem of determining whether their class 
is non-trivial as a characteristic class of transversely symplectic folia- 
tions, or not. Recall that the Godbillon-Vey class, which corresponds 
to h\d{ G H^J l F }~ 1 (a n , O(n)), was shown to be non-trivial almost im- 
mediately after its discovery. Namely Roussarie first proved the non- 
triviality and Thurston [21 J proved the remarkable result that this class 
can vary continuously. In sharp contrast with this, non-triviality of the 
GKF-class has now been an open problem for nearly 40 years. 

In the late 1990 's, Kontsevich [12] interpreted the Rozansky-Witten 
invariants in terms of the Gel'fand-Fuks cohomology and characteristic 
classes for foliations. As an application, he constructed certain char- 
acteristic classes for transversely symplectic foliations. More precisely, 
he considered the two Lie subalgebras 

fjam^ c t)am° 2n c f)am 2n 

of f)am 2n , where f)am 2n denotes the formal Hamiltonian vector fields 
without constant terms and without constant or linear terms for e = 0, 1 
respectively. Kontsevich constructed a natural homomorphism 

Au n : H* GF (t)am 2n ,Sp(2n,R)) = H^am^R) 8 ^ 2 ^ 

^tf*+ 2 "(()am 2n ,Sp(2n,M)). 

Since the abelianization of the Lie algebra f)am 2n can be written as 

fa^L — >s 3h r > 

where S^H^ 1 denotes the third symmetric power of H^ 1 , he obtained 
a homomorphism 

(1) $ : ^(5X n ) Sp(2ri ' R) ^^GF 2 "(^m 2 „,Sp(2n,R)). 

Roughly speaking, Kontsevich first considered the leaf or foliated 
cohomology classes of transversely symplectic foliations, rather than 
the de Rham cohomology, and then produced characteristic classes for 
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such foliations (in de Rham cohomology) by taking the wedge product 
with the maximal power uo 11 of the transverse symplectic form. 

The purpose of this paper is twofold. Firstly we interpret the Gel'fand- 
Kalinin-Fuks class in this framework of Kontsevich. This interpretation 
shows that the GKF class can be decomposed as a product 77 A u of a 
certain leaf cohomology class rj of degree 5 and the transverse symplec- 
tic class u. This is similar to the case of the Godbillon-Vey class hie™ 
for codimension n foliations [H] , which can be expressed as the product 
of a 1-dimensional leaf cohomology class hi, the Reeb class, and the 
primary characteristic class c™. (Similar factorizations are known for 
some other characteristic classes of foliations; see e.g. |T3J.) Although 
the problem of geometric non-triviality of the GKF class remains open, 
we hope that our result will shed some light on the geometric meaning 
of this class. Secondly we determine Kontsevich's homomorphism $ in 
([[]) completely up to degree 2n and prove that some of these classes are 
non-trivial as characteristic classes of transversely symplectic foliations. 

2. Gel'fand-Fuks cohomology of formal Hamiltonian 

vector fields 

As is well-known, each element X 6 f)cun 2n corresponds bijectively 
to a formal Hamiltonian function 

H G R[[zi,--- ,x n ,yi,--- ,y n ]]/R 

which is defined up to constants, via the correspondence 



n 

x v " 



dH d dH d 



\ dxi dy,i dyi dxi 

Thus, on the one hand, we have an isomorphism of topological Lie 
algebras 

f)am 2n = R[[xi, ■■■ ,x n ,yi,-- - , y n }}/R , 

where the Lie bracket on the right hand side is given by the Poisson 
bracket. On the other hand, this topological Lie algebra is the comple- 
tion of that of polynomial Hamiltonian functions 

00 

R[x ir -- ,x n ,y ir -- ,y n ]/R = ®S k H?. 

k=l 

Here S k H^ denotes the k-th symmetric power of H^ 1 , which is iden- 
tified with the space of all the homogeneous polynomials of degree k. 
The Poisson bracket is given by 

S k Hl n ® S e Hl n 3 f®g^{f,g}e S k+i ~ 2 Hl n . 
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Hence the cochain complex C GF (l)am 2n ) °f h am 2n splits as a direct sum 
of finite dimensional sub-complexes 

oo 

Qi^cntO = C* GF (t>am 2n ) w , 

v)=—2n 

so that we have 

oo 

H* GF (\)am 2n ) s H* GF (\)am 2n ) w . 

w=~2n 

Here 

denotes the set of cochains with weight u>, where we define the weight of 
each element in (S k H^ 1 )* to be — 2, so that the coboundary operator 
preserves the weights. Similar decompositions hold in the case of the 
relative cohomology H GF (t)am 2n , sp(2n, R)), and in the cases of the Lie 
subalgebras ljamjj n , fjom^. 

Now, as was already mentioned in the introduction, Gel'fand, Kalinin 
and Fuks proved in [7j that the cohomology H GF (l)am 2n , Sp(2n, R))<o 
in the non-positive weight part is described in terms of the usual charac- 
teristic classes, namely the Pontrjagin classes and the transverse sym- 
plectic class. However, contrary to their initial working hypothesis, 
they found an exotic class for the case n = 1: 

Theorem 1 (Gel'fand-Kalinin-Fuks [7]). The relative cohomology 
H GF (t)ata 2 ,Sp(2,M.)) w for w < 8 is given by: 

#* F (f)am 2 ,sp(2,M))< = R[lo, Pi }/(u 2 ,u Pi , P 1) , 
H GF (t)am 2 ,sp(2,R)) w = (w = 1, • • • ,7) , 

^ F (f,om 2 ,«p(2,E)) 8 =i|f ( * = 7) . 

I U (otherwise) . 

Perchik [20] gave a formula for the generating function 

oo 

J2x(H*(i)am 2n ,Sp(2n,R)) w )t w 

w=0 

of the Euler characteristic of the relative cohomology of F)am 2n . By 
computing it for the case n = 1, he showed the existence of many 
more exotic classes. Later, Metoki [T7| found an explicit exotic class in 
_f/' 9 (f)am 2 ,sp(2,IR)) 1 4 which we call the Metoki class. 
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Similar to the case of H GF (<Xn, 0(n)), which provides characteristic 
classes for foliations of co dimension n (see p][3]), the relative cohomol- 
ogy H GF (t)am 2n , Sp(2n, R)) provides characteristic classes for trans- 
versely symplectic foliations of codimension 2n. More precisely, let 
Br^j denote the Haefliger classifying space for transversely symplectic 
foliations of codimension 2n. Then we have a homomorphism 

(2) H GF {^ W Sp(2n, R))— ff^ftam^, U(n))— ff* (BI^; R) , 

where U(n) C Sp(2n, R) is a maximal compact subgroup. In particular, 
we have the important problem of determining whether the Gel'fand- 
Kalinin-Fuks class in H GF (t)am 2 , Sp(2, IR)) defines a non-trivial charac- 
teristic class in H 7 (BT 2 ; M), or not. We also have this problem for the 
Metoki class. 

In [12], Kontsevich proposed a new approach to the theory of char- 
acteristic classes for transversely symplectic foliations. Here we briefly 
summarize his construction. Kontsevich considered the two Lie subal- 
gebras 

t)am° 2n D \)am\ n 

of f)am 2n consisting of formal Hamiltonian vector fields without constant 
terms and without constant or linear terms. In terms of Hamiltonian 
functions, we can write 



t)am° 2ri 




and we have an isomorphism 

H GF (i)am 2n ,Sp(2n,R)) = H GF (t)am GF ) s ^ n > K K 

Let T be a foliation on a smooth manifold iV and let TT C TN be the 
tangent bundle of T. The leaf cohomology or foliated cohomology of 
J 7 , denoted by H^(N; M), is defined to be the cohomology of ^(iV) = 
©fcr(A fe T*jF), which is the quotient of the de Rham complex Q*N of 
iV by the ideal I*{J-) of T . If T is a transversely symplectic foliation 
of codimension 2n, then there is a transverse symplectic form u, and 
the homomorphism 

Aiu n : F{T) — ► n*N 
vanishes identically, so that there is a well-defined homomorphism 
Au n : H^(N;R) — >H* +2n (N;R) . 
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Now Kontsevich pointed out that the relative cohomology 

H* GF (t)am° 2n , S P (2n, »)) = H^am 1 ^; R) s p( 2 "« 

serves as the universal model for H^(N; R), so that one has the follow- 
ing commutative diagram: 

tf£ F (f)an4) Sp(2ri ' M) > H*f(N;R) 



Aaj r ' 



tf*+ 2 "(J)am 2n ,Sp(2n,R)) ► H*+ 2n (N;R) . 

It is easy to show that the natural projection 

onto the lowest weight part gives the abelianization of the Lie algebra 
f)am 2ri because the Poisson bracket 

o3 Tj2n ^> ok zj2n s ok+1 Tj2n 

b H R 09 b iijj >b H R 

is easily seen to be surjective for any k > 3. It follows that, as men- 
tioned in (jTJ), there is a homomorphism $ defined by the following 
composition: 

^15 3 ^) s P( 2 "«^i/^(hamL) Sp{2n «^^ 2 "([)am 2n , Sp(2n, R)) . 

Further composing $ with the homomorphism in (|2j), we obtain 

(3) $ : H*(S 3 Hl n ) Sp(2n ' R) — >H* +2n (BT% n - R) . 

For any symplectic manifold (M, a>) of dimension 2n, let Symp <5 (M) 
denote the symplectomorphism group of M equipped with the discrete 
topology. Then the above construction gives rise to a homomorphism 

H*(S 3 Hl n ) Sp ( 2n > R) — >iT +2 "(ESymp 5 (M)) ^ fT(BSymp 5 (M); R) , 

where ESymp 5 (M) denotes the total space of the universal foliated M- 
bundle over the classifying space BSymp 5 (M) of Syrup 6 (M), and J M 
is the integration over the fiber in this universal bundle. 

One of the merits of the above construction of Kontsevich is that the 
stable cohomology of f)am 2 „ is not interesting because by [9J it is just 
the polynomial algebra on the symplectic class while that of f}am 2ri is 
one of the three versions of Kontsevich's graph cohomology (see |lUj . 
[TT]). more precisely the commutative version, which is very rich and 
still mysterious. 
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3. Statements of the main results 

In this section, we state the main results of this paper. 

Theorem 2. In the range of weights w < 10 the relative cohomology 
groups if£ F (f)arri2, sp(2, R)) w are non-trivial only for the following three 
combinations of degree and weight: 

H GF ^amlsp(2,R)) = R 

F^(f)om°,sp(2,R)) 2 ^R 

H GF (t)am° 2 ,sp(2,R)) 10 = R . 

Furthermore, the following homomorphisms are all isomorphisms: 

Au : H GF {t)am° 2 ,sp{2,R)) — > H GF (t)am 2 ,sp(2, R))_ 2 = R < uo > , 

Alu : H% F (t,am° 2 ,sp(2,R)) 2 — ► # 4 F (f)am 2 ,sp(2,R)) = R < Vi > , 

Au : H GF (t)am° 2 ,sp{2,R)) w — > H 7 GF (t)am 2 ,sp{2, R)) 8 = R < GifF > 

follows that both the first Pontrjagin class p\ and the GeVfand- 
Kalinin-Fuks class GKF can be decomposed as wedge products of certain 
leaf cohomology classes and the transverse symplectic class to. 

Combining Theorem [2] with our earlier result in [H] (see also [15]) we 
obtain the following non-triviality result for the characteristic classes 
defined by Kontsevich |12j . 

Corollary 3. Under the homomorphisms 

H 2 (S 3 Hl;R) Sp ( 2 ' R) — ^ if 2 (BSymp 5 (£ g );R) 

H 2 (S 3 Hl;R) Sp ^ A H A (BT^R), 

the generator of H 2 (S 3 H^; R) s p( 2 > m ) ^R is mapped to 

d e F^BSymp^Sg); R), Pl e F 4 (Br£; R) 

respectively (up to non-zero constants), where Symp(S 9 ) denotes the 
symplectomorphism group of S g with respect to a fixed symplectic form. 
It follows that both homomorphisms are non-trivial. 

We can further generalize the above result to higher dimensions as 
follows. 

Theorem 4. In the range * < 2n, the image of the homomorphism 

$: H*{S 3 Hl n ;R) Sp(2n ^ — ► ff*+ 2n ([)om 2n , Sp(2n, R)) 
introduced by Kontsevich is precisely the subspace spanned by the classes 
u k p k i---p k n {k + k 1 + 2k 2 --- + nk n = n) 
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that are borderline with respect to Bott vanishing in this context. Fur- 
thermore, the elements 

are mapped non-trivially under the homomorphism 

$: H*(S 3 H 2n ;R) Sp{2n ' R) — ► H* +2n (BT% n ;R) 

so that 

dim Im$ > n + 1 . 

Remark 5. It seems reasonable to conjecture that the above homomor- 
phism $ is trivial in the range * > 2n. This is true for the case n = 1 
by Theorem El 

It is an important problem to determine whether the classes involving 
the higher Pontrjagin classes pi (i > 2) are non-trivial, or not. 

4. Proofs of the main results 

In this section we write H shorthand for H^ 1 . 

We begin with the proof of Theorem [2j For this, notice that 

C* GF {t)am° 2 ,sp{2,R)) w = 

(A k3 S 3 H* ® A k4 S*H* <g> A k5 S 5 H* ® • • • ) Sp(2 ' M) , 

Q F (f}am 2 ,5p(2,M)) w = 

^ (A fcl /T ® A k3 S 3 H* ® A k4 S 4 H* ® • • • ) Sp(2 ' R) . 

— fcl+fc3+2/C4---=Ul 

It is easy to see that both Qj F (f)arri2, sp(2, and C^ F (f)am 2 ,5p(2, R)) 
vanish if to is odd. Moreover, for (7£ F (f)arri2, sp(2, R))™ with 10 = 
2,4,6,8 we have the following Table [T], where x denotes the Euler 
characteristic. 



Table 1. 



k 


1 


2 


3 


4 


5 


X 


dimC£ F (f)am^sp(2,M)) 2 





1 











1 


dimC^ F (f)am^,sp(2,R)) 4 








1 


1 








dimC^(f)am^sp(2,R)) 6 





1 


1 











dimC* F (f)am^sp(2,M)) 8 








4 


5 


1 
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Here we have used well-known facts about the representations of 
Sp(2,R) such as S k H* = S k H and 

S k H © S e H = S k+E H © S k+£ - 2 H © • • • © S k - e H (k > £) , 

as well as various formulae for the irreducible decomposition of A m S k H; 
see e.g. [5]. 

In the weight 2 part, we find that the homomorphism 

H 2 GF tiam 2 ,sp(2,R)) 2 = (A 2 S 3 H*) S ^ = R 

H 4 F {t)am 2 ,sp{2,R)) = {A 2 H* ® A 2 S 3 H*) Sp ( 2 ' R) = R< Pl > 

is an isomorphism because to is a generator of (A 2 if *) Sp ( 2,R ) = R. It 
follows that the first Pontrjagin class p\ can be decomposed as a wedge 
product 

pi = 7i A u 

of a class 71 G HQ F (t)am.2,sp(2, R)) 2 = R in the first leaf cohomology 
with the transverse symplectic class u. In the weight 4 part, we find 
that the coboundary operator 

C£ F (f)am!>,sp(2,R))4 = (A 2 S 3 H* © s 4 H*) Sp( - 2 ^ S R 

^L7^(f^am°,sp(2,R)) 4 = (A 4 S ,3 #*) Sp ( 2 ' R > = R 

is an isomorphism. This, together with the computation shown in 
Tabled], shows that fP(f)am^, sp(2, R)) 4 is trivial. Similarly the weight 
6 part if*(f)arri2,sp(2, R)) 6 is trivial because the coboundary operator 

C 2 F (^om°,sp(2,R)) 6 = (A 2 S 5 if*) Sp < 2 ' R > R 

-^C^ F {f)amlsp{2,R)) 6 = (S 3 H* © S 4 H* © S 5 iT) Sp(2 ' R) = R 

can be seen to be an isomorphism. 

The cochain complex Qj F (f)arri2, sp(2, R)) 8 for the weight 8 part is 
given in Table [2] where the symbols (347), (4 2 6), for example, stand for 

{S 3 H* © S 4 H* © S 7 H*) Sp{2 ' R) = R 

(A 2 S 4 H* © S 6 H*) Sp ( 2 ' R) = R 

respectively, and similarly for the other ones. 



Table 2. generators for C^ljcim", sp(2, R)) 8 





dim 


generators 


L7^ F (t)am^,sp(2,R)) 8 


4 


(347)(356)(4 2 6)(45 2 ) 


C* F (Jja<sp(2,K)) 8 


5 


(3 2 46)(3 2 5 2 ) 2 (34 2 5) 2 


C* F (fja<sp(2,K)) 8 


1 


(3 3 45) 
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The subscript 2 in the symbol (3 2 5 2 )2 means that its dimension is 2, 
namely we have 

(A 2 S 3 H* <g> A 2 s 5 H*) Sp{2 ' R) ^ M 2 . 

A direct computation of the coboundary operators shows that this 
cochain complex is acyclic. 

The dimensions of the cochain complex for the weight 10 part are 
given in the first line of Table [3j In the second line, the dimensions 
of the cochain complex for the weight 8 part of if£. F (f)am 2 , sp(2, R)) 8 
are given. These were first computed by Gel'fand-Kalinin-Fuks [7] and 
were later re-computed by Metoki [T7] . 



Table 3. 



k 


1 


2 


3 


4 


5 


6 


7 


8 


X 


dim^ F 2 (ham^ 5 p(2,M)) 10 











1 


3 


9 


12 


4 


-1 


dimC , c. j p(f)am 2 ,sp(2, R)) 8 








5 


13 


17 


18 


14 


4 


-1 



As was already mentioned, Gel'fand, Kalinin and Fuks determined 
-£^ F (f)am 2 ,sp(2, R))g by a computer calculation and found that it is 1- 
dimensional, generated by their class of degree 7. Metoki re-computed 
this cohomology group, again with the aid of a computer program, and 
constructed an explicit (but complicated) cocycle for the GKF-cla.ss. 
His cocycle is not divisible by lu, and, so far, no cocycle divisible by uj 
has been known. 

Now it can be checked that the homomorphism 

A^: Q F (f)am°, 5 p(2,M)) 10 — > Q+ 2 (()am 2 , sp(2, M)) 8 

induces an embedding of cochain complexes which shifts the degree by 
2 and the weight by —2. Our purpose is to prove that it induces an iso- 
morphism in cohomology. By an explicit computation, we determined a 
system of generators for the first chain complex C^. F (P)am 2 ,sp(2, IR)) 10 
as shown in Table HI 

In general, there are three equivalent ways of expressing elements 
in C£rir(f}am 2n , Sp(2n, R)). The first one is in terms of (duals of) 
Sp(2n, R)-invariant tensors of Hamiltonian functions. The second one 
is by means of vertex oriented graphs which encode ways of contraction 
of tensors of Hamiltonian functions by applying the symplectic pairing 
H^i&H^-^M. along the edges. The third one is in terms of tautological 
1-forms 

6 n-h G c1 gf(*2u) 
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Table 4. generators for C^^am", sp (2, R))i 





dim 


generators 




1 


(7 2 ) 


C% F ftam%,8p{2,R)) w 


3 


(358) (367) (457) 


C^(f)om^, 5 p(2,]R)) 10 


9 


(3 2 48) (3 2 57) (34 2 7) (3456) 4 (35 3 ) (4 3 6) 


C^(f)a<sp(2,R)) 10 


12 


(3 3 47)(3 3 56)(3 2 4 2 6) 3 (3 2 45 2 ) 4 (34 3 5) 2 (4 5 ) 


C« F (^am^sp(2,R)) 10 


4 


(3 4 5 2 )(3 3 4 2 5) 2 (3 2 4 4 ) 



(restricted to the Lie subalgebra f}am 2n ), defined by 



where 



J 3\ ^^Jk 



2n q 
X — / fiTi — € 0-2n ; 



see e.g. [2]. For example, a generator of (A 2 S' 3 if*) Sp ^ 2 ' R ' ) in the first 
line of Table [1] can be given in either of the following three ways: 



(1) (a; 3 A y 3 - 3x 2 y A xy 2 )* , 

(2) a graph with 2 vertices and 3 edges joining them , 

(3) - 5\ 2 A S 2 U - 361, A S 2 22 ■ 



Metoki [T7] gave an explicit basis for C£ F (fjam 2 , sp(2, K)) 8 and com- 
puted the coboundary operators in terms of this basis. Although he 
did not use the representation theory of Sp(2, M.) explicitly it turns out 
that our basis given in Table H] appears as a subbasis of his. Therefore 
we can use his computation (which we checked by our method). In 
particular, the coboundary maps 



C 4 (t)am°,sp(2,M)) 10 ^L7 5 (^am°,sp(2,R)) 10 -^L7 6 ([)am°,sp(2,M)) 



12 



D. KOTSCHICK AND S. MORITA 



are represented by the following (12, 9)-matrix 



A = 



/ /IK 

/ 45 


1 o 

18 


y 

















\ 


U 


— y 





n 



5 





r' 






U 


1 n 

— 1U 


n 

u 


o 
— z 


i n 

1U 


i n 


1 Q 


— OO 


n 

U 


i 
i 


-120 





72 


10 


-16 


-3 


16 





6 


30 





-30 





-2 


-12 


-21 





-3 


-8 


50 





10 


-32 


-48 


-60 


13 





-1 


-2 





10 


-4 


-15 


-25 


11 





-15 


18 





20 


-34 


-57 


-73 








-70 


16 











6 


-14 


20 











0-9 


-20 


20 


3y 


52 





-1 








57 


10 


4 


12 


16 





-3 


V o 























-140/ 



and the (4, 12)-matrix 



( 


30 


-39 


\ 


-56 


-8 


-12 








6 


9 








28 


-28 


-14 





68 


-66 


-56 


-10 


-6 


12 





10 


-2 


4 








-22 


9 





1 


5 


-10 








-12 


12 


-14 





-6 


9 


-14 


V o 








1 / 



Of course we have B A = O. 

The corresponding coboundary maps in 



C 6 (hom 2 ,sp(2,R)) 8 ^C 7 (ham 2 ,sp(2,R)) 8 ^ 8 (hom 2 , 5 p(2,R)) 8 



are given by the following (14, 18)-matrix A and (4, 14)-matrix B: 



Here O denotes the zero matrix of size (2, 9) and this checks the fact 
that 



C£ F (fjam2,sp(2,R)) 10 C Q+ 2 (f)am 2 ,sp(2,R)) 8 



is indeed a subcomplex. Now an explicit computation shows that the 
above inclusion induces an isomorphism in cohomology. This completes 




the proof of Theorem [2J 



□ 
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Remark 6. The unique leaf cohomology class 

V eH GF (t)am° 2 ,sp(2,R)) 10 

such that 7] A u> = GKF can be represented by an explicit cocycle 
in Cg F (f)am2, sp(2, K.))io which is a linear combination of the cochains 
of the forms (3 3 47), (3 2 4 2 6), (3 2 45 2 ) in Table H We omit the precise 
formula. 

Proof of Corollary^ We proved in [TJ] (see also [15]) that both the 
first Pontrjagin class pi G if 4 (ESymp <5 (E 5 ); R) and its fiber integral 
d G # 2 (BSymp 5 (£ 9 );IR), which is the first Mumford-Morita-Miller 
class, are non-trivial. More precisely, we proved the existence of foliated 
E g -bundles over closed oriented surfaces such that the signatures of 
their total spaces are non-zero, while their total holonomy groups are 
contained in the group Symp(E g ) of area-preserving diffeomorphisms of 
S 9 (with respect to some area form). By Theorem[2]the homomorphism 

Au: H GF (t)am° 2 ,sp{2,R)) R — >H GF {t)am 2 , sp{2, R)) R 

is an isomorphism, where the target is generated by the first Pontrjagin 
class p\. The result follows. □ 

Proof of Theorem\J^ We begin with the proof of the first statement. 
On the one hand, the weight of the elements in S 3 H^ is 1 while that 
of uj n is — 2n. Hence the weights of elements of Im$ restricted to 
the range * <2n are non-positive. By the result of Gel'fand-Kalinin- 
Fuks [7| mentioned in the Introduction, we can conclude that Im$ is 
contained in the span of the classes 

u k p* ■ ■ -vl n e H* GF (t>am 2n , Sp(2n, R)) 

with k + h\ + 2k 2 • ■ ■ + nk n < n. On the other hand, any element 
in Im$ is annihilated by taking the wedge product with a single uj 
because u n+1 vanishes identically. Therefore Im$ is contained in the 
span of the above classes with the condition that k + k\ + 2k 2 ■ — h nk n 
is precisely equal to n. 

It remains to prove that all these classes are indeed contained in 
Im$. For this, we use the well-known formulae which express uj and 
Pontrjagin classes in terms of the tautological 1-forms. With respect to 
the standard basis x%, ■ • ■ ,x n ,yi,--- , y n of the symplectic vector space 
H^ 1 and the tautological 1-forms 

6 n-h e C hF(^n), 

we have 

oj = 5 1 A 5 n+1 + ■ ■ ■ + 5 n A 5 2n . 
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The universal curvature form Q = (£]'•) can be written as 



3 jk ' 

fc=l 



see e.g. [2], and the Pontrjagin classes Pi (z = 1,2, •••) are certain 
homogeneous polynomials on f^- of degree 2i. In terms of the duals of 
Hamiltonian functions, the tautological forms S l and S^ k correspond to 
elements of H* and S 3 H*, respectively. We can now conclude that 



P, 



e (A 2i H* <8> A^s 3 H*) Sp(2n ' R) (i = 1, 2, 



It follows that any element uj k p^ • • • p^ n with k + k\ + 2/c 2 • • • + 7iA; n — n 
is contained in 

(A 2n H* ® A 2 ™ - 2fc^f3^-*\Sp(2n,R) ~ /^2n— 2A;g3^-*\Sp(2n ) ]R) 

because A 2n H* = R generated by u; n . Hence such elements are con- 
tained in Im<3> proving the first part of the Theorem. 

Next we prove the second part. Let tt: E — >X be a foliated £ g - 
bundle over a closed oriented surface with non- vanishing signature such 
that the total holonomy group is contained in the group Symp(E 9 ). 
The existence of such bundles was proved in our paper [2] . The clas- 
sifying map / : E — ^Br^ of the transversely symplectic foliation on E 
of codimension 2 has the property that f*(pi) 7^ 0. Now consider the 
manifold CP n ~ k x E equipped with transversely symplectic foliation 
of codimension 2n which is induced from the point foliation on CP n ~ h 
and the above foliation on E. Then it is easy to see that the charac- 
teristic class uj n p\ of this foliation is non-trivial. This completes the 
proof. □ 

Remark 7. By the calculation in the proof p\ is divisible by uj only 
if n — 1, although in general p\ is divisible by uj. The dimension of 
(A 2i H* <g> A 2i 5' 3 i?*) Sp(2n,K) is 1 for n = 1 and is 2 for n > 2. 



5. The Euler characteristic of H*(t)cmq n , Sp(2n,M)) 

As we mentioned already, Perchik [20] gave a formula for the gener- 
ating function 

00 

w=0 

of the Euler characteristic of the relative cohomology of f)am 2ri . In this 
section, we prove a similar formula for if^^am^, Sp(2n, R)). 
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Following [20], let us define rational functions Pi(n) (i = 0, 1, • • • ) on 
n + l variables x%, • • • ,x n ,t (polynomials with respect to t) as follows. 
First consider 

a = (ai, • • • ,a n ), 6= (fei,--- ,6 n ) (a i( &i > 0) 

and put 

|a + 6| = ^(a, + x a ~ fe = X? 1 "" 1 ■ • ■ x%~ K . 
Then define 

Po(n) = II| 0+6 | = 2, a ^(l - X a ~ b ) 

p k (n) = U la+bl=2+k (l-t k x a - b ) . 

Theorem 8. The constant term with respect to Xi (i = 1, ■ ■ ■ ,n) of 
the infinite product il~ Pi(n) is equal to 

oo 

n\2 n J2x(H*(t)am° 2n ,Sp(2n,R)) w )t w , 

where the subscript w denotes the weight w part of the cohomology. 

Proof. Perchik's formula was obtained by multiplying the above infinite 
product n^ Pi(n) with one more rational function 

p_!(n) = n |af6 | =1) a ^ b (l - t' l x a - b ). 

This part corresponds to the constant term of f)am 2n which is iso- 
morphic to H^ 1 as a representation of Sp(2n, M) and whose weight is 
— 1. Since the relative cohomology HQ F (§am 2n , Sp(2n, R)) is defined 
by ignoring this part, the proof follows by eliminating p_i(n) from the 
original formula of Perchik. □ 

Remark 9. In the case of n = 1, a computer computation carried out 
with the help of M. Suzuki shows that \ times the above constant term 
in low degrees in t is given by 

1 + t 2 - t 10 + t 12 - t u - t 16 + t 18 - 3t 24 + 2t 26 + ■ • • , 

while the corresponding series for F£ F (ham°,sp(2,M)) due to Perchik 
is 

t - 2 + 2 - t 8 - t u - t 22 - t 28 + t 30 - t 32 + ■ ■ • . 

The coefficient —1 of t 10 in the former series corresponds to our leaf 
cohomology class 77. Observe also that the coefficient of t 16 is —1. The 
corresponding coefficient of t 1A in the latter series is also —1 which rep- 
resents the Metoki class in iy^ F (fjom 2 ,sp(2, R)) 14 (see [T7]). Although 
the cocycle given by Metoki himself is not divisible by u, it seems 
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highly likely that his class can also be decomposed as rf A u for some 
leaf cohomology class rf e HQ F (t)aml,Sp(2, M); R)iq. 

6. Concluding remarks 

It is easy to see that the relative cohomology 

H* GF (t)am 2n ,Sp(2n,R)) w - «o<)*M 

stabilizes as n goes to infinity. In fact, the limit cohomology is nothing 
but one of Kontsevich's theories of graph cohomologies developed in 
[TO] . [TTj . more precisely the commutative case (see [I2])- As before, 
the abelianization homomorphism 

fjcmt2 n — ^H^* 

induces a homomorphism 

$„: i/*(5 3 ^) Sp ( 2n «-^^F([)amL,) Sp(2ri ' M) . 
However, the stable cohomology 

lim H*(S 3 Hl n ) Sp ^ 

n— >oo 

is isomorphic to 

Mfvertex oriented connected trivalent graph] /(AS) , 

where AS denotes the anti-symmetric relation. If we add another re- 
lation, called the IHX relation, to the above, we obtain the algebra 

-4(0) = IRfvertex oriented connected trivalent graph] /(AS, IHX). 

This algebra plays a fundamental role in the theory of finite type in- 
variants for homology 3-spheres due to Ohtsuki [18], who extended 
the foundational theory of Vassiliev for knots, and developed by Le, 
Murakami and Ohtsuki (see [T6]). 

Garoufalidis and Nakamura proved the following result: 

Theorem 10 (Garoufalidis and Nakamura [6]). The ideal (S^H^ 1 ) 
of A*S 3 H^ 1 generated by S 4 H^ 1 C A 2 S 3 H^ 1 corresponds exactly to the 
IHX-relation so that there is an isomorphism 

-4(0) S (A*S 3 Hl n /(S 4 Hl n )) Sp{2n ' R \ 

Since it can be seen that Ker $oo coincides with the Sp-invariant 
part ((S 4 H^ n )) Sp ^ 2n ' M ' S> of the above ideal, we conclude that 

Image = -4(0) . 
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Thus it is a very important problem to determine Coker $oo. We have 
tried to determine whether our leaf cohomology class r] G HQ F (t)am 2 , sp(2, 
survives in the stable cohomology 

lim H^ F (l)av^ n ,sp(2n,R)) w , 

n— >oo 

or not. We have the same problem for other unstable leaf cohomology 
classes. So far this attempt has remained unsuccessful. One method of 
attacking this problem would be to compute the generating function 
c(t) for the commutative graph cohomology by making use of Theo- 
rem [HJ More precisely, there is important problem of computing 

oo 

c(t) = lim y2x(H*(t)am° 2n ,Sp(2n,R)) w )t w , 

which is the limit as n — > oo of the formula given in Theorem [HI 
Our computations so far imply 

c(t) = 1 + t 2 + 2t 4 + 3t 6 + 6t 8 + • • • . 

Recall here that the algebra A(4>) is known (see [19] ) to be a polynomial 
algebra whose numbers of generators are 1, 1, 1, 2, 2, 3, ■ ■ • in degrees 
2, 4, 6, 8, 10, 12, • • • so that the generating function for this algebra is 

1 + t 2 + 2t 4 + 3t 6 + 6t 8 + 9t 10 + 16t 12 + ■ ■ • . 

It should be nice to know how these two generating functions differ 
from each other. 

Acknowledgements. The authors would like to thank T. Sakasai and 
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